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In this paper we have obtained some results regarding the number of roots 
and the irreducibility property of the polynomials which have the form 
an ~ -]- x -]- 1 over finite fields whose characteristic is 2. 
Some of these results appear as generalizations of previous results obtained 
by Berlekamp, Rumsey, and Solomon (1967, On the solution of algebraic 
equations over finite fields, Information and Control I0, 553-564). 
We have also proposed a new method of studying equations in finite fields 
using the properties of the coefficients of certain characteristic polynomials 
related to these equations. 
1. PREDICATES AND CHARACTERISTIC POLYNOMIALS 
Let Fq be a finite field whose characteristic s p (hence, q = p~). By a 
one-variable predicate over Fq we mean a mapping P: Fq--~ {TRUE, FALSE}. 
The characteristic function of this predicate is the mapping rp: Fq--* {0, 1} 
where q0(a) = 0 if P(a) = TRU~ and ~0(a) = 1 if P(a) = FALSE. 
Let P1, P~ be two predicates and ~01, ~2 their characteristic functions. 
Then the functions 1 - -  ~l(X), ~Ol(X ) • ~%(x), 1 - -  (1 - -  ~0t(x))(1 - -  ~%(x)) are 
the characteristic functions of the predicates - ]P1,  P1 v P~, P1 ^  P~, respec- 
tively. We remark that the predicate x = ~ (~ eFq) has ~(x) = (x - -  f)q-1 
as its characteristic function. 
Let now P a predicate and ~1, ~ ,-.., f~ the set of all its distinct solutions 
(A solution of a predicate P is an element ~ of Fq for which P(~) = TRUE). 
We have 
P(x )  ~ ~ = ~ ,, ~ : ~ v . . .  v ~ = ~.  
It follows that the characteristic function of P can be expressed as a 
polynomial 
i s q--1 
q)(X) = (X - -  ell q-1 = E E ~lJxq--1--'" 
g=l g=l j=0 
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Hence, 9(x) = %x q-a + ~lx q-~ + "-" + %_2x + %--i, where 
a; = ~:i + ~:ai + ... + Gi, (1) 
and %-I  = 0 if P(0) = TRUE, or else %-1 - -  1. 
The set of coefficients a, is uniquely determined by the predicate P. 
Conversely, this set uniquely determines the predicate P. Therefore, every 
piece of information about P is obtainable by studying these coefficients. 
For instance, due to the fact that a o ~= s (mod p), % offers some informations 
concerning the number of the solutions of the predicate P(x). 
Let us define the predicate P by P(x) +-+ f (x) ----- 0, where f(x)EFq[x]. 
We are now able to infer some properties of the equation f (x)  = 0 (hence, 
some properties of the polynomial f(x)) by studying the set of coefficients of 
the characteristic polynomial q~(x). As an example, it is easy to see that the 
equationf(x) = 0 has not any solution inFq iff ~i = 0 for all i = 0, 1 .... , q - -  2. 
Furthermore, we shall apply this method to the study of the polynomials 
f(x) = ax ~ + x + 1, where a ~F2~. 
2. A NUMERICAL FUNCTION 
Let a be a natural number and a = e 0 + 2%-[-""@ 2*q its binary 
representation, where E, e {0, 1}. We shall denote by tz(a) the number of 
units from the set {e0, q ,..., Et}; namely /x(a) = E 0 + q + ... + et. We 
need for further developments some properties of the function tz: N---> N. 
Let exp2 m be the greatest integer i for which 2 i divides n. We remark that 
t t t [a] 
i=l i=1 ~ i  
t j 
= Z E~Z 2i-a = Z d(2~--  1) =a- - / . (a ) .  
j= l  *;=1 o"=1 
Because exp~((a + b)!/alb!) >/O, we obtain 
tz(a + b) ~< ~(a) + t~(b), 
for every a, b 6 N. 
Let us now suppose that a = ~2i=oe~2 and 
el, ~/i ~ {0, 1}. We intend to prove that 
/z(a + b) = ~(a) +/z(b), 
--~ 2 ~ b ----- 2.2~=o ~71 , 
(2) 
where 
(3) 
iff E i • ~7i = O, for i = O, 1 ..... t. 
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Indeed, if edh=O for i=0 ,1 , . . . , t  then it is clear that / , (a+b)= 
t*(a) +/ , (b) .  Conversely, let us suppose that /,(a + b) =/*(a)  +/~(b), but 
there exists indices i for which e~, = 1. Let e be the greatest i for which 
this equality holds. Then E~ = ~, = 1 and taking a I ---= a + 2 ~ + 2"+1a2, 
b = b 1 + 2 ~ + 2~+1b2, where 
al = Ei2 i, a S = ~ e,2 i-~-1, b 1-= ~2 i, b~= y. ,li2 ~-~-1. 
/=0  i~e+l ~=0 i~e+l 
It  follows that 
/z(a -}- b) -~/x(al) +/x(bl) -}-/z(a 2-]- bz + 1) 
/z(al) @/Z(bl) @/x(a2) @/z(b2) @ 1 </x(a)  -1-/z(b), 
which contradicts the initial assumption. 
3. THE COEFFICIENTS OF THE CHARACTERISTIC POLYNOMIAL FOR THE 
EQUATION X n + X -~- 1 = 0 IN F~* 
Let us suppose now that q = 2 k, where k E N and let 
~,k(x) = go(n, k) x q-1 + ax(n , k) x q-z + as(n , k) x q-a + "-" -t- aa-z(n, k) x + 1, 
the characteristic polynomial of the predicate ax ~ @ x + 1 = 0 over F~k. 
In order to compute ai(n, k) let us remark first that, using (1) we have 
aa,(n, k) = a~+~_,(n, k) + a,_,(n, k), (4) 
fo r i=n ,n+ 1,..., q --  2. 
Another consequence of (1) is the equality 
k) = k). (5) 
Taking into account (4) and (5) it is clear that it suffices to compute 
a,(n, k) for i = 0, 1, 3 , . ,  2[n/2] - -  1 for obtaining the whole set{ai(n, k)}~-0 ~ .
Using the development 
(axn+x+l )  q- l=  X (~'fl'^~:l~ r a xn~+~' 
cz+B+v=q- -1  " " " 
it follows immediately that 
k) = E as, 
Ll(oO 
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L i (a )~(a+/3+y=q- -1 )A(O~<a)A(O~</3)A(O~<y)  
^ (ha +/3  ~ - - i  (mod(q - -  1))) A (0 < nc~ +/3)  
^ (~( -  +/3  + r) = ~(~) + ~(/3) + ~(r)).  
Taking/3 = l(q - -  1) - -  i - -  na and performing some elementary calculus 
we obtain 
L~(a)*-~ (1 <~ l ~ n) A (0 ~ o 0 A (no~ + i+  l ~ lq) 
^ ((l - 1)q ~< (n - 1)~ + i + l - 1) 
A (tz(l(q - -  1) - -  i - -  (n - -  1)a)) =/~(a)  + Iz(l(q - -  1) - -  i - -  ha). 
F rom the previous inequalit ies it follows 
( l - -1 )q<~(n- -1 ) .+ i+( l - -1 )~<n.+i+( l - -1 )~<lq - -1 .  
Hence, 
t~(l(q - -  1) - -  i - -  (n - -  1)c 0 = I~((lq - -  1) - -  ((n - -  1)o~ + i + (l - -  1))) 
= ~qq - ~) - ~((n - 1)~ + i + q - 1)) 
and 
iz(l(q - -  1) - -  i - -  n~) = i~((lq - -  1) - -  ((n - -  1)~ + i + (l - -  1))) 
= k~(lq - -  1) - - /~(na + i + (l - -  1)). 
Now, it is clear that the last requirement in the definition of Li(a) can be 
replaced by the equal ity/z(na + i + l - -  1) =/*(~) +/z(no~ - -  c~ + i + I - -  1). 
Hence, consider the predicates 
Xk(r,  s, a) ¢-~ na + s <. (r + 1)q- -  1, 
Y~(r, s, ~) ,-~ rq ~ (n - -  1)o~ + s, (6) 
z~(s, ~) ~ ~(n~ + s) = t'(~) + ~(n~ - ~ + s), 
Uk(r, s, ~) ~ (0 ~ ~) h Xk(r ,  s, c~) ^  V~(r, s, c 0 ^ Zk(s, ~); 
the predicate Li(a) can be written 
L,(~) +-+ (1 ~ l < n) ^ (0 ~ ~) ^  Xk( l  - -  1, l - -  1 + i, o~) 
A Yzc(l - -  1, l - -  1 + i, a) ^ Zk( l  - -  1 + i, o~) 
or  
L,(a)+-+ (1 <l<n)  A U~( l - -  1, l - -  1 + i ,a ) .  
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Finally if we denote by 
it follows that 
A~(r, s) --- ~ a% 
v~(r. s,cO (7) 
cr,(k, n) = ~ Ak(r  , r -~- i). (8) 
r=0 
We intend now to obtain a recurrence formula for the calculus of the 
quantities Ae(r,  s). To  this end, let us consider the following notations: 
y*  = [y/2] and y '  = y - -  2y*. It  is clear that y '  ---- 0 i f fy is an even number, 
or else y'-----1. Then it follows that (y+z) '=y '+z ' - -2y%'  and 
(yz ) '  = y ' z ' .  
Using these notations we easily obtain, for k > 1, 
X~(~, ~, ~) ~ - -  n~ +s  ~< (r + 1) 2 ~-1 - -  ½*-+ n~* -ks*  +n~'  + s_____~' 
~< (r + 1) 2 k-1 - -  ½ ~ n~* + o~ 1 
(r + 1) 2 ~-1 -  1, 
2 2 
where % = (n~' + s')* -[- s*. 
Hence, XT~(r , s, ~) +-+ X~_l(r,  col , ~*). 
Analogously, we have 
Y~(r, s, ~)~ Y~_l(r, ~ ,  ~*), 
where oJ 2 = ((n - -  1) a' + s')* + s*. 
Because n~ -t- s =- 2(n~* + s*) + ha' + s' = 2(no~* + s* + (n~' + s')*) -]- 
(n~' + s')', it holds that t*(~) =~- tL(a*) + ~' and /z((n - -  1)~ + s) - -  
/~((n - -  1) =* + ~o~) + ((n - -  1) ~' + s')'. 
Hence, 
Z~(s, ~) ~ (n~* + 0~1) = ~,(~*) + ~((n - 1) ~* + ~,~) + o, 
where 0 = ((n - -  1) a' + s') + ~' - -  (na' -]- s')' ---- a'(1 -t- (1 - -  2s')(1 - -  2n')). 
I f  ~' = 1 and s' = n' then the numbers ~ and (n - -1 )~+s 
are odd numbers and using (2) and (3) it follows /z(n~ + s)~-~ 
/~(~) + t*((n - -  1)~ + s) < t~(~) + ~((n - -  1)~ + s). 
In  this case it is clear that Z~(s, ~) = FALSE. 
I f~ '=0ors 'v~n ' then0=0,  co 1=co  S=(ncd+s)* .  
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Hence, 
Uk(r, s, ~) = f fALsE if ~' = 1 and s' --  n', 
~Uk_~(r , (na' + s)*, a*) if a' = 0 or s' v an ' .  
From the equality (7) we infer that 
Uk(r,s,2B) U1~(r,s,2B+l) 
Examining this formula we conclude that 
(a) i fs '  = n' then 
&(r,  s) = Z a2~ = -4L~(r, s*), 
U~_l(r,s*,~) 
(b) if s' =/= n' then 
uk_l(r,s*,•) Uk_l(r,(n+s)*,~) 
= ALl(r, s*) + a~L#,  (. + 0% 
Hence, for k > 1 we have 
A~(r, s) ~ r = &_~( ,  [(2 + 0/2]). n _~(, [s/21) + a(n + s) 2 r 
For k = 1 we directly obtain 
l 1, Al(r, s) = a, 
O, 
if s=2r  or s=2r+ 1, 
if s+n=2r+l ,  
otherwise. 
(9) 
(m) 
(11) 
The formulas (4), (5), (8), (10), (11) allow the computation of ai(k, n) for 
i = 0, 1,..., 2 k --  2. 
4. THE NUMBER OF SOLUTIONS OF THE 
EQUATION ax  n -~ x A V I ~ 0 IN F2~ 
Let N(k, n) the number of solutions of the equation ax n + x + 1 = 0 in 
F2~. Using formula (1) and the fact that the equation has not any multiple 
solution it is easy to see that 
N(k,  n) -~ (k, n) (mod 2). 
I fN (k ,n )=0thena i (k ,n )=0for i=0,1  .... ,2  k -2 .  
I f  N(k,  n) = 1 then oi(k, n) v~ 0 for i = 0, 1 ..... 2 k --  2. 
I f  N(k,  n) = n then ~l(k, n) = 0. 
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In the special cases n = 2, 3, 4 we have 
N(k, 2) = 0 iff a~(k, 2) -= O, 
N(k, 3) = 0 iff ao(k, 3) = O, 
N(k, 3) = 1 iff ao(k ,3) = 1 and ~1(k, 3) v~O, 
N(k, 3) :3  iff ao(k ,3) : 1 and ch(k, 3) :0 ,  
N(k, 4) = 0 iff ao(k, 4) = O-l(k , 4) = a3(k , 4) = 0, 
N(k, 4) = 1 iff o-1(]~ , 4) = l, 
N(k, 4) = 2 iff ao(k, 4) = 0 and O-l(k , 4) v~ O, 
N(k, 4) =4 iff ~o(k, 4 )~ch(k ,  4) =0 and as(k, 4) va0. 
Using these relations it is possible to find out the exact number of solutions 
of the equations ax n -{- x + 1 = 0 in F~,, for n = 2, 3, or 4. 
I t  is possible to prove that al(k, 2 ) = a - l+  P~, where 
P~ = 1 + aP~_ 1 and also that 
where 
02_t_ 2 a0(k, 3) = 1 + Q~ + ~ ~ Q, -1 ,  
O'l(k , 3) = O~- i  -~- a--l(Q~ -~ Qk--1), 
Qo =Q1 1, Q~ Q~_I + 4 
~o(k, 4) = R~ + Rk ~, 
a~(k, 4) = Sk(1 + Rk ~) + R~_I + S~_lRk+l ,
a~(k, 4) = a-X(1 -1- R,~ + R~ ~ -¢- R~+~) + S~_IS~, 
P~=I, 
(12) 
(13) 
Ak(1, 1) = A~_I(1, 0), A(2, 2) = 1, 
A~(0, 1) = A~_~(0, 0), A~(1, 2) = a-lA~(1, 0), A~(2, 3) ~ 0. 
Using formulas (10) and (11) we obtain 
where R k = (k + 1) a(2~-1)/~, S t = S 2 = 1, S~ : 1 + aS~_~ . 
To illustrate these statements we shall prove (12) and (13) for n = 3. 
It  is clear that 
ao(k, 3) = A~(0, 0) + A~(1, 1) + Ak(2, 2), 
al(k, 3) = A~(0, 1) + A~(1, 2) + A~(2, 3). 
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It  is possible to prove inductively that Ak(1 , 0 )= d~(0, 0 )+ Ak+l(0, 0). 
Denoting Ak(0, 0) by ~e it follows that %(k, 3) and el(k, 3) can be computed 
through (12) and also that the equations (13) hold. Analogously it is possible 
to deal in the cases n = 2, 4 or for n > 4. 
Following our results, it is possible to obtain results which are similar to 
those obtained by Berlekamp, Rumsey, and Solomon, and we can obtain 
even more general results. For instance, the following two statements 
hold. 
THEOREM 1. The equation axe + x + 1 = 0 has an unique solution in F~ 
iff k is even and a (2k-1)/3 5 6: 1. 
THEOREM 2. The equation ax e + x + 1 -  0 has exactly two solutions 
in F~ iff k is odd and Sk + ~ Rk-1 + S~-1 " Rk+l =/: O. 
5. IRREDUCIBLE POLYNOMIALS OVER F2* 
Let 
f (x )  = xn + alx n-1 + ".. + a~_Ix + an,  (14) 
a polynomial whose coefficients belong to Fq. This polynomial is irreducible 
over F~ iff it does not have any root in Fq,, where 1 ~< t ~ [n/2]. But the 
number of solutions of f(x) in F~, is zero iff ai(t)= 0 for 0 ~< i < n, 
1 ~ t ~< [n/2], where ai(t) are the coefficients of the characteristic polynomial 
of the equation f(x) = 0 in Fq~. Hence, we have obtained the following 
theorem. 
THEOREM 3. The n-degree polynomial f(x) whose coefficients belong to Fq 
is irreducible inFq iffa,(t) = 0for  0 < i ~ n - -  1, t =- 1, 2 , . ,  [n/2]. 
This theorem together with (8), (10), and (11) enables us to give an 
algorithm which gives the natural numbers n for which ax n + x + 1 is 
irreducible over F~, (a ~F2*). 
Taking k = 1, we retrieved the results of Brillhart and Zierler (1968-1969) 
and Zierler (1970) concerning the irreducibility of the polynomial xn + x + 1 
over F2 • 
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